We perform some analytic continuations of the de Sitter thick domain wall solutions obtained in our previous paper [1] in the system of gravity and a scalar field with an axion-like potential. The obtained new solutions represent anti-de Sitter thick domain walls and cosmology. The anti-de Sitter domain wall solutions are periodic, and correspondingly the cosmological solutions represent cyclic universes. We parameterize the axion-like scalar field potential and determine the parameter regions of each type of solutions.
Introduction
The solitonic objects in string theory play major roles in the understanding of its nonperturbative properties such as dualities. In string theory the solitons couples necessarily with gravity. In view of the universality of the gravitational interaction, the understanding of the gravitational aspects of solitons may provide deeper understanding of the variety of the dynamics contained in string theory.
The simplest system of solitons and gravity would be domain walls of scalar field theory interacting with gravity. In field theory, domain walls appear when there are more than one vacua in a scalar field potential, and it is a straightforward matter to obtain static domain wall configurations. On the other hand, with gravitational interactions, their non-linearity and instability make it a non-trivial issue to study the dynamics of domain walls. As for a supersymmetric domain wall configuration, it can be analyzed by BPS first order differential equations [2] . These solutions are static and it was shown that a generic static and flat domain wall configuration can be analyzed in the same manner [3, 4, 5, 6] . The procedure to obtain such a solution is mathematically well-defined, but an obtained solution is not necessarily physically meaningful. In fact, the scalar field potential must be fine-tuned to avoid naked curvature singularities [6, 7, 8, 1] . This situation is quite unsatisfactory, since a scalar field potential will change its form from a supersymmetric one by possible low energy dynamics such as supersymmetry breaking and instanton corrections, even if we assume some high energy supersymmetries. The non-supersymmetric string theories also suffer from a similar pathological behavior that the background solutions have naked singularities where the dilaton field diverges [9, 10] .
One of the possible resolutions to these singularities is to introduce time-dependences of domain walls. The use of a de-Sitter expansion to turn a curvature singularity of a static soliton to a horizon has appeared in the context of global U(1) vortex solutions [11] and in a codimension two non-supersymmetric soliton solution in IIB string theory [12] . This is also used in constructing background solutions of non-supersymmetric string theories [13] .
As for time-dependent domain walls, perturbative analyses have been done in [14, 15] . The constructions of analytic de Sitter domain wall solutions with horizons were done in [16, 1] .
In our previous paper [1] , the scalar field potential takes an axion-like form and its two parameters are restricted to a certain region for the analytic solutions to exist. The motivation of this paper is to find analytical solutions for the outside of this region of these parameters.
It is a well known trick that, starting from a domain wall solution, analytic continuations generate domain wall solutions with flipped curvatures and cosmological solutions [17] . We will show that the new solutions cover the missing parameter regions. They are anti-de Sitter domain walls, finite lifetime universes with a big-bang and a big-crunch and cyclic universes.
De Sitter domain wall solutions
In our previous paper [1] , we have obtained a class of analytic solutions of thick domain walls with de Sitter expansions in the system of five-dimensional gravity and a scalar field with an axion-like potential. Let us start our discussions by extending our previous results to a general space-time dimension n.
The action of our system is given by
The metric ansatz we use is the warped geometry
where H denotes the Hubble constant of the (n − 1)-dimensional de Sitter space-time. Under the assumption that the scalar field depends only on the coordinate y, the Einstein equations
where ′ denotes the derivation with respect to y. The equation of motion of the scalar field is automatically satisfied by the solutions of (3) because of a Bianchi identity. By repeating the same procedure done in our previous paper [1] , we find that the first equation of (3) is satisfied by the solution a(y) = sn(Hy, iβ −1 ),
where the elliptic functions are defined by
Here the parameter β is a free real parameter. In the expression (4), the normalization of the scale factor a(y) merely defines the unit of length scale and we have normalized it by imposing a = 1 at the domain wall peak defined by a ′ = 0, and the constant shift ambiguity of φ(y) is fixed by imposing φ = 0 at the domain wall peak. A peculiar property of the solution (3) is that the scale factor behaves near its vanishing point y = 0 as
As discussed in our previous paper [1] , this behavior is required for the vanishing point to be regular. The factor H of the linear term can be also understood from the physical consistency of the geometry that the temperature associated to the Rindler space-time near y = 0 should agree with that of the de Sitter domain wall space-time
. We will show in section 3 that the vanishing point is actually a horizon and that a regular extended space-time can be obtained by taking an appropriate coordinate system.
The scalar field potential is determined by the second equation of (3), and we obtain
which is similar to that of an axion with an instanton correction. In this paper we consider the two-dimensional parameter space (v 0 , v 1 ) of the scalar field potential,
We may assume v 1 to be a positive parameter by shifting φ, appropriately. In this parameterization the result (7) shows that the parameter region for the existence of a regular de Sitter domain wall solution is given by
Extension of the de Sitter domain wall space-time
The vanishing points a = 0 are actually horizons. To show this we will extend the solutions (4). The extended space-time is essentially equivalent to the n = 1/2 case of [16] , and we will follow their discussions. We first change to a conformal coordinate dz = dy/a. Integrating the solution (4), we obtain
where z 0 is an integration constant. Using (10) and taking a proper value of z 0 , the metric for a de Sitter domain wall solution becomes
where we have changed to a global coordinate of a de Sitter space-time instead of a flat one appearing in (2), and dΩ n−2 denotes the metric on an (n − 2)-dimensional unit sphere. By a further transformation of u = exp(H(τ − z)) and v = exp(−H(τ + z)), we obtain
Note that the allover factor of the metric (12) is non-singular for all the real values of u and v.
After the change of variables u = T + R, v = −T + R, the metric in the parentheses becomes
and is free of a conical singularity. As pointed out in [16] , the domain wall peak at −T 2 + R 2 = uv = 1 is a bubble with a constant acceleration in the coordinate (T, R, Ω).
As for the scalar field, we obtain
which is also well-defined for any real values of u and v. 
Anti-de Sitter domain wall solutions
In the following we will study the other parameter regions of the potential (8) than (9) . Looking at the expression (7), one notices that all the other parameter regions of v 0 and v 1 can be covered by the analytic continuations of the parameters β and H to pure imaginary values.
However, under an analytic continuation of only one of β or H to a pure imaginary value, one of φ(y) or a(y) becomes imaginary and physically meaningless. This cannot be resolved even by using the constant shift ambiguity of y of the solution. To obtain a physically meaningful expression from (4), both of β and H must be analytically continued to imaginary values, and, after some trials, it turns out that the analytic continuation should contain a simultaneous shift of y as
where δ and h are real constants and K(δ) is the elliptic integral of the first kind,
Substituting the analytic continuation (14) into the de Sitter solution (4), we obtain new solutions a(y) = 1 dn(hy,
and
By the parameterization (8), the scalar potential (17) is in the region To make the warped metric (2) meaningful under the analytic continuation (14), we perform a simultaneous continuation t → ir and x 1 → ix 0 . Then (2) becomes an anti-de Sitter domain wall metric
Thus in the region (18) , there exist regular AdS domain wall solutions, which are given by (16) and (17) .
The stability of the AdS solutions can be checked as follows. We restrict our attention to the five dimensional case (n = 5). Presumably the extension to a general dimension will be straightforward. As discussed in [6, 7, 18, 19] , the problem of obtaining the mass spectra of the linear perturbations around a solution boils down to solving Schrodinger equations. As for the tensor perturbation,
the Schrodinger equation has a supersymmetric form
where
Thus the eigenvalues m 2 is non-negative, and hence the stability under the tensor perturbations is satisfied. As for the scalar perturbation,
the Schrodinger equation becomes [18, 19, 1] 
This Schrodinger equation is obtained by the substitution H → ih in the corresponding expression in [1] . The m 2 is obviously positive, and the AdS solutions are stable under the scalar perturbations. However there remains one thing to check before this conclusion. If there existed points with φ ′ = 0, the operatorQ would become singular at these points and the above naive discussion of the positivity would be in danger. Moreover, in the derivation of the Schrodinger equation for the scalar perturbations in [19] , the linear perturbation is redefined by a multiplication of a factor which is singular if φ ′ = 0. But, in the solution (16), φ ′ is always non-zero, and the above discussion is safe.
The region without regular solutions
We cannot find a physically meaningful analytic continuation to the parameter region
Thus it is suspected that there are no regular domain wall solutions of the form of the warped metric (2) in this parameter region. To see whether this is the case, we will use a numerical computation.
Since, in this parameter region, the constant part v 0 of the scalar potential is larger than that of the parameter region of de Sitter analytic solutions (9), we may assume the solution to be a de Sitter domain wall rather than an anti-de Sitter one. As generally discussed in our previous paper This search procedure gives a numerical regular solution for each choice of (v 0 , v 1 , H).
Studying in this three-dimensional space would be too much, and in fact, we can reduce the dimension to one by rescaling the differential equations (3) . By the rescaling of y and a, we can normalize the scalar potential and the Hubble constant so that v 1 = 1 and H = 1. Thus it is enough to check the question for each choice of v 0 .
It would be a reasonable assumption that a domain wall contains the peak of the potential energy φ = 0. Then, since the potential (8) Qualitatively, in this parameter region, the constant part of the scalar field potential is so large that the expansion rate at the core is too large for a domain wall to keep its shape. Similar phenomena are discussed in the context of topological inflation in [20, 21] . The rapid expansion will ultimately sweep away the spatial dependence of the scalar field, and the dynamics will be mainly described by its time-dependence. This will be the subject of section 6. 
Cosmological solutions
It is well known that, starting from a domain wall solution, a cosmological solution can be obtained by an analytic continuation which exchanges the transverse coordinate and the time coordinate [17] . An appropriate analytic continuation is given by
by which, a de Sitter domain wall solution (4) changes to a new solution with the substitution y → t and H → h. This analytic continuation turns the de Sitter domain wall metric (2) into Under the analytic continuation (27) , the equations of motion (3) As for the anti-de Sitter solution, the analytic continuation (27) turns it into a cosmological solution of a closed universe. Because of the flip of the sign of the scalar potential, the parameter region of the closed universe solution is obtained by flipping (18) into
This agrees with the region where there are no regular domain wall solutions. The corresponding cosmological solutions are obtained by the substitution y → t and H → h in the AdS domain wall solutions (16) . The periodic behavior of the AdS domain wall solutions is now interpreted as representing a cyclic universe.
It would be interesting to see the behavior of the energy density and the pressure. In a five-dimensional space-time, they are
In fig.7 , we plotted the time evolution of the energy density and the pressure for the cyclic universe solution with h = 1 and δ = 0.1. At the minimum of the scale factor the energy density fig.3 . The energy density takes its maximum at the minimum of the scale factor to initiate the bounce, while the pressure takes its maximum at the maximum of the scale factor where the contraction begins.
takes its maximum value and the pressure is approximately the minus of the energy density.
At this period the large energy density initiates a bounce and the universe is at the inflation stage. On the other hand, at the maximum of the scale factor, the energy density is nearly vanishing and the pressure dominates. The large pressure works as a negative gravitational energy and initiates a contraction of the universe.
For a flat FRW universe, if we assume the null energy condition, the Hubble parameter satisfies an inequalityḢ
and there cannot exist a bounce. This also implies that, since our universe is expanding at present days, the universe must have started from a singularity. In the papers [22, 23] , some loopholes of the above discussion are presented from string theory to support the possibility of the pre-big bang scenario [24] . In our cyclic solution, the existence of the positive curvature of the space changes the equation of motion of H intȯ
andḢ can take both signs. Considering the high energy at the big-bang of the universe, it is plausible that some fluctuations of matters and gravity generate a region with a positive spatial curvature and the bounce of the universe simply happens from a classical dynamics.
In this case, even though the present model seems far from what is the real universe, it might provide a simple toy model to study the pre-big bang scenario.
The inequality (31) plays also an important role in the dS/CFT correspondence. The central charge is given by an inverse power of the Hubble parameter, and the inequality (31) supports the interpretation of the time evolution as a renormalization group flow to UV [25, 26] .
In the case of a cyclic universe, however, the time flow cannot be interpreted in this way [27] , because reverse process exists. If we take seriously the interpretation of [25, 26] , there should be a kind of mechanism to prevent the above situation to happen. From this point, it would be interesting to try to consistently embed our simple model into string theory.
Summary and discussions
In this paper, we have studied the analytic solutions of the system of gravity and a scalar field with an axion-like potential. They contain de Sitter thick domain walls, anti-de Sitter thick domain walls, finite lifetime universes with a big-bang and a big-crunch, and cyclic universes.
These analytic solutions might be useful as toy models for the studies of the more general corresponding cases.
An obvious application of the analytic de Sitter domain wall solutions presented in this and previous papers [1] would be as toy models of our world through the brane world scenario.
According to the recent observations [28] , our universe was in the inflation stage at the bigbang, and moreover a tiny cosmological constant might exist even at present. In our model, gravity will be confined by the mechanism of [29] , and it would be interesting to investigate the gravitational properties in such an accelerating domain wall universe.
Another interesting direction would be to embed our model into supersymmetric theories or superstring theory. The potential (8) has a simple form of an axion, which would be easily generated by field theory or string theory instanton corrections. According to [30] , a de Sitter space-time cannot have any supersymmetries, and hence supersymmetries must be broken on a de Sitter domain wall. In the identification of our world with the domain wall, it seems challenging to explain the large hierarchy between the observed upper bound of the cosmological constant and the supersymmetry breaking scale. Based on a similar motivation, our model may be regarded as a gravity-coupled analogy of the susy-breaking domain wall solution presented in [31, 32] .
Our cosmological solutions of cyclic universes might provide toy models for the scenario of [33, 34] .
